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Abstract 
Fukuda, K., S. Saito, A. Tamura and T. Tokuyama, Bounding the number of k-faces in arrange- 
ments of hyperplanes, Discrete Applied Mathematics 31 (1991) 151-165. 
We study certain structural problems of arrangements of hyperplanes in d-dimensional Euclidean 
space. Of special interest are nontrivial relations satisfied by the f-vector f = Lfo, fi, . , fd) of an 
arrangement, where fk denotes the number of k-faces. The first result is that the mean number 
of (k- 1)-faces lying on the boundary of a fixed k-face is less than 2k in any arrangement, which 
implies the simple linear inequality fk>(d- k+ l)/kfk_, if fk#O. Similar results hold for 
spherical arrangements and oriented matroids. We also show that the f-vector and the h-vector 
of a simple arrangement is logarithmic concave, and hence unimodal. 
1. Introduction 
An arrangement of hyperplanes is a collection of n hyperplanes in the d-dimen- 
sional Euclidean space fRd, together with the naturally associated cell decomposi- 
tion of Rd. A k-dimensional cell of the arrangement, which is a relatively open 
connected region, is called a k-face. 
Although arrangements are elementary geometric objects, they are applied to the 
realization of many geometric models and algebraic models, and have therefore 
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been frequently used in singularity theory, algebraic group theory, braid theory, and 
many other branches of mathematics [ 12,17,18]. Moreover, in computer science, 
arrangements are major tools for designing and analyzing algorithms to process 
geometric data [4,5,6,8,9,16]. 
The enumeration of the faces of an arrangement is a classical problem in 
enumerative combinatorics. The traditional cake-cutting problem-if we cut a cake 
n times with a straight knife, how many pieces is the cake divided into?-is an easy 
version of it. 
The number of k-faces of an arrangement CX? is denoted by fk(;Ye). We often 
need to evaluate f,Jti) in order to analyze algorithms associated with arrange- 
ments. An arrangement is called simple if the intersection of any m hyperplanes 
(m I d + 1) has exactly dimension d - m (recall the dimension of the empty set is - 1). 
It is well known that for fixed d and IZ, fk(X) attains the maximum, which is 
denoted by fid'(n), if and only if Y? is simple. 
Buck [3] and Zaslavski [25] gave the following exact expressions for fid)(n): 
Theorem 1.1. 
fLd’(n) = i 
i=d-,(Y)(d’k) 
Buck’s formula. 
ffd’(n> = ( dnk) iO ( nPy+k) Zaslavski’s formula. 
(1.1) 
(1.2) 
However, for general arrangements, one cannot explicitly give a simple formula 
for fk(.%?), since Las Vergnas [15] and Zaslavski [25] showed that the number of 
k-faces depends on the underlying matroid structure. 
A j-face lying on the closure of a higher dimensional face f is called a j-s&face 
off. A (k- l)-subface of a k-facefis called a facet off. In this paper we first show 
the following bounding formula for the mean number of facets of a k-face. 
Theorem 1.2. For an arbitrary arrangement of hyperplanes in Rd, the mean 
number of facets of a k-face is less than 2k for k= 1,2, . . . . d. 
We can prove similar formulas for spherical arrangements, which are arrange- 
ments of hyperspheres in the d-dimensional sphere Sd, and oriented matroids. (See 
[lo] for the definition of an oriented matroid.) Theorem 1.2 can be extended to a 
bounding formula of the mean number of j-subfaces of a k-face for any 01j< k, 
which is a generalization of a theorem of Schneider [20]. 
From Theorem 1.2, we obtain the following simple bounding formula for the 
number of k-dimensional faces, 
fd(&) for Olksd, 
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which is applied to the analysis of a construction algorithm of oriented matroids 
from maximal faces [lo]. 
The sequence Uih=~,~,...,d of the numbers of k-dimensional faces of a cell 
decomposition, called thef-vector, and its associated h-vector (see Section 5 for the 
definition) are both among the most basic objects associated with arrangements. 
Many beautiful results have been given for the properties of h-vectors of simplicial 
cell decomposition, where every k-dimensional face has k+ 1 vertices for any 
1 I ksd [21,23]; on the other hand, little is known about f-vectors and /z-vectors 
of nonsimplicial cell decompositions. We present elementary proofs for the 
logarithmic concaveness of both thef-vector and the h-vector of a simple arrange- 
ment, which is almost always a nonsimplicial cell decomposition. 
The paper is organized as follows: In Section 2, we give a proof of Theorem 1.2. 
In Section 3, we show several related inequalities on the number of faces. In Section 
4, we show analogous results on spherical arrangements and oriented matroids. 
Finally, we deal with f-vectors and h-vectors in Section 5. 
2. Proof of Theorem 1.2 
We need some definitions and lemmas in order to prove Theorem 1.2. Let ti be 
an arrangement of n hyperplanes in Rd. Let H be a hyperplane of &. The arrange- 
ment ;Ye- {H} will be simply denoted by X-H. The intersection of ti with H, 
{H’ fI H: H’EX-H} forms a (d- 1)-dimensional arrangement in H; this inter- 
section will be denoted by ,X/H. A k-facefof .% is one of the following three types: 
l Type-l. f is a face of YZ- H. 
l Type-a. f is a face of X/H. 
l Type_3. f is one of the two pieces of a k-face of YZ- H separated by H. 
For a type-3 face, f has a facet lying on H. From the above observation, it is easy 
to verify the following lemma: 
Lemma 2.1. 
fd(s)=fd(x-H)+fd-I(*/H), (2.1.1) 
fk(X?)~fk(~7GH)+fk(.X/H)+fk_l(X/H) fork= 1,2,...,d-1. 
(2.1.2) 
If YZ’ is simple, the equality holds in (2.1.2). 
From Lemma 2.1, we obtain the following weaker version of Theorem 1.2: 
Lemma 2.2. The mean number of facets of a d-face of an arrangement & in Rd 
is less than 2d. 
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Proof. Since a (d- 1)-face lies on the boundary of exactly two d-faces of 2, the 
lemma is equivalent to the following (2.2): 
1 
fd(&)>-fd-,(&). 
d (2.2) 
(2.2) is trivial if n = 1 or d= 1, and it is easily shown by induction on both n and 
d using (2.1.1) and (2.1.2). 0 
For a subset S= {H,,H,, . . . . HI} of hyperplanes of YC’, its intersection L(S) = 
H, fl Hz fl ... n Ht is called a flat of &. A flat L is an affine space, and its dimen- 
sion is denoted by dim(L). From Lemma 2.2, we immediately obtain the following: 
Claim. On each k-dimensional f at L of X, the mean number of facets of a k-face 
is less than 2k. 
Each k-face is contained in a unique k-dimensional flat. Taking the average of 
the number of facets of k-faces over all k-dimensional flats, we obtain Theorem 1.2 
from the claim. 
3. Inequalities on the number of faces 
A (k - 1)-dimensional face bounds at least 2(d - k + 1) k-dimensional faces. Thus, 
from Theorem 1.2, we obtain the following simple inequality for an arbitrary 
arrangement S: 
Corollary 3.1. 
fk-,(X) (k=1,2 ,..., d). (3.1) 
The equality holds if and only if fk(Y6) = 0. 
For simple arrangements, (3.1) is obtained directly from Zaslavski’s formula 
(1.2). Furthermore, we can bound the ratio rid’(n) :=fid’(n)/fjd),(n) from both 
sides as follows: 
Proposition 3.2. 
(4 rid’(n) = 2 
d-k+1 
n-d+k 
if d-k<n<d, (3.2.1) 
(b) i+ n_i+k zrid)(n)z k 
3 
d-k+ 1 
if nzd+ 1. (3.2.2) 
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Proof. If nsd, f~d)(n)=(&J2-d+k from (1.2); hence, (3.2.1) follows im- 
mediately. 
Note that fid’(n) = 0 if n I d and k< d - n. The right-hand inequality of (3.2.2) 
comes from Theorem 1.2. We show the left-hand inequality of (3.2.2). From (1.2), 
On the other hand, 
= 
n-d;k-l)y$(n-d;k-l)_(n-cl’:_‘)(n-d;k-1) 
IO. 
Hence, 
Proposition 3.3. rid’(n) is strictly decreasing with respect to n for nzd- k. 
Proof. We can assume n rd, since we can verify the proposition directly using 
(3.2.1) if n I d. A k-face lies on a unique k-dimensional flat and a (k - 1)-face lies 
on d - k+ 1 distinct k-dimensional flats in a simple arrangement. Moreover, both 
the number of k-faces and that of (k- 1)-faces in a k-flat are independent of the 
choice of the flat in a simple arrangement. Hence, it suffices to show the proposition 
for a k-flat. Therefore, we can assume that k = d. From (1.1) of Theorem 1.1, 
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If we replace n by n + 1 in the above formulas, (7) is replaced by 
(“;‘)=S(;). 
Since (n + l)/(n + 1 -i) is strictly increasing with respect to i, 
1 1 
#‘(n + 1) ’ W ‘d (n) * 
Hence, the proposition holds. 0 
The mean number of facets of a k-face decreases if we delete an arbitrary 
hyperplane from a simple arrangement because of Proposition 3.3. However, there 
are nonsimple arrangements without this property. 
Corollary 3.4. The following relationships hold, where ~8 is an arrangement of n 
hyperplanes in Rd. 
(a) (~~:)~(X)r(J)f~(Y?) forOljlk<d. (3.3.1) 
(b) fk(s) sfd-k(z) for 01 kl [d/2]. (3.3.2) 
(c) f/AX 15 
0 
; fd(-re) for Osksd. (3.3.3) 
for 05 k< [d/2]. (4 
(e) for Osksd. 
(3.3.4) 
(3.3.5) 
Proof. The inequalities (3.3.1), (3.3.2), and (3.3.3) are obtained from Corollary 
3.1, and (3.3.4) and (3.3.5) follow from (3.2.2). 0 
Theorem 1.2 can be generalized to the following stronger statement: 
Theorem 3.5. The mean number of j-subfaces of a k-face in an arrangement is less 
than 2k-j($) for any 01 j<kld. 
The proof is rather long (at present), and it will be given in a subsequent paper 
1111. 
A singular flat is a flat L which is contained in more than d - dim(L) hyperplanes. 
A singular face is a face contained in a singular flat. An arrangement is said to be 
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line-simple if it has no singular face of dimension greater than zero. Theorem 3.5 
has been proven for line-simple locally finite arrangements by Schneider [20]. Since 
Theorem 3.5 easily follows from (3.3.1) for simple arrangements, the following 
problem arises naturally: 
Problem. For given d, k, j< k, and n, suppose that the mean number of j-subfaces 
of a k-face attains the maximum for an arrangement G&? among all arrangements of 
n hyperplanes in Rd. Then, is ,X simple? 
We can prove a much weaker version of this problem. An arrangement X in Rd 
is called nonparallel if no intersection of d hyperplanes of X is empty. 
Proposition 3.6. Among all line-simple nonparallel arrangements of n hyperplanes 
in Rd, the mean number of facets of a k-face attains the maximum if and only if 
YZ? is simple. 
Proof. We define bk(X) to be the number of bounded (i.e., relatively compact) 
k-faces in an arrangement ~97 of hyperplanes. This number is denoted by b$)(n) for 
simple arrangements of n hyperplanes in a d-dimensional space. The following 
(3.4.1) is due to Buck [3]: 
bCd’(n) = k .f;r,(;)(,:,), k=O,l,...,d. 
From (3.4.1), we have the following: 
bid)(n) = 
(d-k+l)(n+k-d-1) Cdj 
k(n+k-d) 
b,_,(n), k= 1, . . . . d. 
(3.4.1) 
(3.4.2) 
Let &! be a line-simple nonparallel arrangement. For any hyperplane H, we can 
infinitesimally translate it to obtain a new hyperplane H’ in such a way that H’ con- 
tains no singular vertex. Then, a singular vertex p on H is replaced by the simple 
arrangement Z(p) on H’ generated by the set of hyperplanes through p (except H). 
Suppose p and q are singular vertices on H. Since the translation is infinitesimal, 
we can assume that each bounded face of X(p) is cut by no hyperplane through 
q. Thus, it suffices to consider the case where only one singular vertex p lies on 
H. We denote the number of the pairs (f,g) of a k-face f of ti and its facet g 
by Ck,+r(%). It is clear that the mean number of facets of a k-face is the ratio 
Ck,k_ r(&?)/fk(?%?). The increase of fk(??i?) after replacing H by H’ is bk(X(p)) + 
bk-,(t%(p)), while that Of C,,,+,(:x) iS 2(d-k+l){bk_,(X(p))+bk_2(.X(p))} if 
kr2. Since X(p) is simple, b,(%(p)) = bid- ‘) (m), where m2d-t 1 is the number 
of hyperplanes in X(p). From (3.4.2), we have 
2(d- k+ 1) 
b~‘_PI1’(m) + b&l’(m) 
bid- ‘j(m) + bit-,“(m) 
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k 
>2(d-k+ 1) 
d-k+ 1 
=2k ifkr2. (3.4.3) 
From (3.4.3) and Theorem 1.2, the mean number of facets of a k-face of .X in- 
creases if we replace H by H’ in YZ for k 2 2. For k = 1, since each bounded edge 
has two vertices, the mean number of vertices on an edge increases as we replace 
H by H’. 
Since we obtain a simple arrangement after applying such replacements iterative- 
ly, the proposition follows. 0 
Cell decompositions in (multi-dimensional) windows clipped from arrangements 
are often useful [24]. We generalize Theorem 1.2 in order to apply it to such cases. 
Given an arbitrary open region R of fRd, we restrict the arrangement Yc? to R to ob- 
tain the clipped arrangement %fl R. A face of .X’n R is a face of ti which inter- 
sects R. An R-facet of a k-face f of 2t-1 R is a facet off which intersects R. Then, 
Theorem 3.1. The mean number of R-facets of a k-face of %n R is less than 2k 
(k=1,2 ,..., d). 
4. Bounded faces, spherical arrangement, and oriented matroids 
We consider a set of hyperplanes X0 of IRd through the origin, and its associated 
arrangement. Such an arrangement is called a central arrangement. The intersection 
of X0 with the unit sphere Sd-’ generates a cell decomposition of the sphere, 
called a spherical arrangement, which we denote by SdP’ nZ’c. A k-face of 
SdP1 t-I.%?,, is the intersection of a (k+ 1)-face of ~9’~ with SdP1. Hence, from 
Theorem 1.2, the mean number of the facets of a k-face is less than 2(k+ 1) for 
SdP1 n &,. Furthermore, we can show the following stronger statement using 
arguments similar to those of the proof of Theorem 1.2: 
Theorem 4.1. The mean number of the facets of a k-face of a spherical arrange- 
ment on SdP1 is less than or equal to 2k for liked- 1. 
Let s~(GY&) denote the number of k-faces of Sd-’ fl.9&. The arrangement 
Sd- ’ fl So is called simple if the central arrangement X0 contains no singular face 
but the origin. sk(.X,,) is denoted by s$- ‘) (n) for simple spherical arrangements. 
Proposition 4.2. 
(a) sk-l(~YC,,> =f&X$), k = 1,2, . . . . d. 
(b) si<PI’)(n) =fid’(n)-bid)(n), k= 1,2,...,d. 
(4.1.1) 
(4.1.2) 
d-k+1 
(c) b&‘f’)~ k+l bk-l(.X), k= 1,2 ,..., d, (4.1.3) 
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if bd(ti) f 0 and no intersection of d hyperplanes of Y? is empty. 
d-k 
(d) Sk(XO) 2 - k sk_,(Zo), k=1,2 ,..., d-l. (4.1.4) 
(e> si’-‘)(n)<(d-k) 
k-l 
k(n-d+k+ 1) 1 
s&‘)(n), 
k = 1,2, . . . . d-l ifnzd. (4.1.5) 
Proof. (4.1.1) is trivial. (4.1.2) is true since ;(e, can be deformed into a simple 
arrangement without changing the number of unbounded faces. (4.1.3) can be 
shown by an incremental argument similar to the proof of Theorem 1.2. (4.1.4) is 
a corollary of Theorem 4.1. (4.1.5) is proved in a way similar to (3.2.2) of Proposi- 
tion 3.2. 0 
The oriented matroid is a natural combinatorial abstraction of spherical arrange- 
ments [2,10,15,19]. An oriented matroid is a set of signed vectors in (0, + , - }” 
satisfying certain combinatorial axioms. Here, the most appropriate axioms are the 
face axioms [lo], which define what is often called the signed span of cocircuits of 
an oriented matroid. We call each signed vector of an oriented matroid a face. For 
each face, its dimension is well defined. For a pair of faces X and Y, we say that 
X conforms to Y if X,= Y, or 0 for each i = 1,2, . . . , n. 
We now generalize Theorem 1.2 for oriented matroids. 
Theorem 4.3. The mean number of (k - l)-faces conforming to a fixed k-face of an 
oriented matroid is less than or equal to 2k. 
A slightly weaker version of Theorem 4.3 has been independently proven by 
Roudneff [ 191. 
5. f-vectors, h-vectors, and logarithmic concaveness 
A sequence of real numbers V= (uo, ul, . . . , u,) is said to be unimodal if for some 
OIjImwehavevo~ulI...%uj~uj+11...2V,_12o,,andissaidtobelogarith- 
mic concave if v~2vi_,ui+t for all 1~ is m - 1. A positive logarithmic-concave 
sequence is unimodal. Unimodal sequences and logarithmic-concave sequences 
often appear in probability theory, geometry, algebra, and combinatorics [7,23]. 
The following lemma is well known: 
Lemma 5.1. (a) If (a,, a2, . . . , a,) is a logarithmic-concave sequence with non- 
negative terms, then ajak>ajPsak+sfor 15slj5klm-s. 
(b) The sequence of binomial coefficients (~),(~), . ...(z) is logarithmic 
concave. 
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In this section, we show that both the f-vector and the h-vector of a simple 
arrangement are logarithmic concave. We fix an arrangement %’ of n hyperplanes 
in Rd, and denotefk(ti) by fk. Thef-vector of the arrangement YZ is the sequence 
(foJ*, **a Ad). 
Theorem 5.2. The f-vector of a simple arrangement is logarithmic concave. 
Proof. We must show that fizfk_,fk+, for k= 1,2, . . ..d- 1. We define Qk as 
Then, from (1.2) of Theorem 1.1, 
Qk. 
From Lemma 5.1, 
(dlk)2E(d-;-l)(d-;+l)’ 
Therefore, it suffices to show that 
Q;-Qk+lQk~,~@ 
Since 
(5.1.1) 
n-d+k-1 
!&=2Qk-l+ 
> k ’ 
and 
n-d+k-1 
&+I =4%,-t 
) ( 
+3 
k+l 
Therefore, the left-hand side of (5.1.1) equals 
n-d:“-‘)[~~-~+(n-d~k-l)]-(n-;i~~-l)~~-;; 1 2) 
. . 
If is k, it follows from the combination of (a) and (b) of Lemma 5.1 that 
n-d+k-1 
)( 
n-d+k-1 
) ( 
n-d+k-1 
)( 
n-d+k-1 
2 
i k i- 1 ) k-t1 ’ 
(5.1.3) 
(5.1.2) together with (5.1.3) gives (5.1.1). 0 
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For simple spherical arrangements, we have the following: 
Theorem 5.3. An f-vector of a simple spherical arrangement is logarithmic 
concave. 
We omit the proof, since it is very similar to the proof of Theorem 5.2. 
Now, we introduce 
(-l)‘-jf,, O<i<d. (5.2) 
The h-vector of ~69 is the sequence (ho, hl, . . . . hd). The h-vector is originally 
defined for polytopes and generalized for cell decompositions of spheres [ 1,21,23]. 
If we consider (hi(,~o))i=o,,,,..,, as the h-vector of the spherical arrangement 
X0 fl ?#-I, it coincides with the classical definition. The h-vector is important, 
since it contains information on topological invariants. In fact, h,= 
(-l>d(fo-fi+~~~+(-l)dfd)=(-l)d(E(X’)), h w ere E(.X) is the Euler characteristic 
of the cell decomposition X. (Recall that E(X) = (- l)d.) The famous Dehn-Som- 
merville condition, which is written as hk = hdmk, is a necessary condition for the 
face numbers of simplicial convex polytopes. Furthermore, a necessary and suffi- 
cient combinatorial condition, McMullen’s condition, is known for the h-vectors of 
simplicial convex polytopes [ 11. 
Definition (5.2) is translated into a more intuitive form by using generating func- 
tions, a popular technique for the investigation of combinatorial sequences [22]. 
F(t; ~47) := Clf,ofk(&?)tk is the generating function for the number of k-dimen- 
sional faces of Y?. We also define the reversed generating function P(t; x?) := 
C~=ofd-k(3f)tk and the (reversed) generating functions I?(t; Z-V) := 
CfiEo hd_k(&?)tk of the h-vector. If X is simple, these generating functions are 
denoted by F(t; d, n), F(t; d, n), and f?(t; d, n). Then, 
Lemma 5.4. 
H(t; 2) = P(t - 1; X). (5.3) 
We consider the case where ;Ye is simple. f?(t; d, n) may be expressed concisely: 
Proposition 5.5. 
ff(t; d, n) = i 
0 
n tk. 
k=O k 
(5.4) 
Proof. We could give a proof of (5.4) by direct computation; however, we give a 
more intuitive one. Since the equality holds for a simple arrangement in the reduc- 
tion formula (2.1.2), we have 
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and 
P(t; d, n) = I+; d, n - 1) + (1 + t)P(t; d - 1, n - 1) (5.4.1) 
I?@; d, n) = A(t; d, n - 1) + &(t; d- 1, n - 1). 
(5.4.2) means 
(5.4.2) 
hi?(n) = h~~)(n - 1) + hY_ l)(n - l), (5.4.3) 
where by)(n) is the kth entry of the h-vector of a simple arrangement of n hyper- 
planes in d-dimensional space. (5.4.3) is Pascal’s relation. Obviously, h?)(O) = 1 
and hf’(O) = 0 for any k # d. Therefore, hi?(n) is the top element of the Pascal 
triangle of height n, with the bottom sequence e,_d+k=(O,O,...rO, l,O,...,O) of 
length n whose (n-d+ k)-th entry is the only nonzero entry. Hence, hi?(n) = 
(d!!k). 0 
Corollary 5.6. 
P(t; d,n) = f 
0 
1 (1 +t)‘. 
i=O 2 
(5.5.1) 
(5.5.2) 
Theorem 5.1. The h-vector of a simple arrangement is logarithmic concave. 
Proof. This theorem follows from Proposition 5.5 and Lemma 5.1. 0 
Notes. (1) Grtinbaum [12] has already considered h-vectors for arrangements of 
projective hyperplanes. 
(2) H(q; d,n) is a “q-analogue” [23] of fj”(n). 
Finally, we consider the generating functions for the number of bounded faces 
in a simple arrangement and those for the faces in a simple spherical arrangement 
Sd-’ n X,,. We define the generating functions (with reversed orders): l%(t) := 
C’j?A s$d-l)(n)td-l-k, l%(t) := Cz=, bid)(n)tdpk, i&(t) :=FB(t- l), and &S(t) := 
Cffzo hk(&,)td-k =Z%(t - 1) + (t - l)d. 
The generating functions have the following expressions: 
Proposition 5.8. 
(4 ~B(t)=k~O(-l)dP*(;)(t+l)*. 
(b) nB(t) = jO (-l)d-k ; tk. 
0 
(5.6.1) 
(5.6.2) 
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(c) 
(4 
d-l 
Es(t) = c {l+(-l)dPk+l 
k=O I( > 
; (t+ l)k. 
(2> +(-I)““( ;)I tk. 
(5.63) 
(5.64) 
Proof. We show (5.6.2), since the other formulas follow from (5.6.2), (5.5.2), and 
(4.1.2). From (3.4.1), FB is formally expressed by 
Hence, 
(t- +fB(t)-&B(t) = d: I (d+ l)td. 
( > 
(5.6.5) 
We obtain (5.6.2) by solving (5.6.5). 0 
It is remarkable that the generating function for the number of faces can be writ- 
ten in a compact form if we consider the /z-vector of the arrangement. As we noted 
before, Grtinbaum [12] gave a formula for the h-vector of arrangements of d-dimen- 
sional projective space which is essentially the same as (5.6.4), although he did not 
point out the fact that the term 1 + (-l)d-kf’ appears because of (4.1.2). Unfor- 
tunately, the h-vector of tie, which is the h-vector of a simple arrangement on the 
sphere, is no longer logarithmic concave nor unimodal. The h-vector is symmetric 
if and only if n = d, where the corresponding cell decomposition of the sphere is 
simplicial, and symmetry is required because of the Dehn-Sommerville relation [l]. 
For a hyperplane H in lRd, its complexification is the complex hyperplane in Cd 
with the same defining equation as H. Similarly, we can define the complexification 
XC of the arrangement Z’. Then, the complementary space V(X) = Cd - L&Y,, is a 
connected topological space. Hattori [14] remarked that the dimension of the dth 
homology of I’(%‘) with nontrivial local system coefficients coincides with the 
constant term of (5.6. l), which is the number of bounded d-dimensional cells in 2. 
It seems that (5.6.1) itself might be explained using similar theory. 
6. Concluding remarks 
We have considered several relations on the numbers of faces of arrangements of 
hyperplanes. Theorem 1.2 bounds the mean number of facets of a face of an 
arrangement, from which simple bounding formulas of face numbers are derived. 
Although our proofs may rely on geometrical intuition, almost all of them can be 
extended to oriented matroids. 
164 K. Fukuda et al. 
We have shown the logarithmic concaveness of the f-vector and h-vector of a 
simple arrangement, and the f-vector of a simple arrangement on a sphere. The 
results are among the few obtained on nonsimplicial cell decompositions. 
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